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Abstract

Monte Carlo and integral equation results in the hypernetted-chain approx-
imation are presented for the classical two-dimensional Coulomb 
uid above
the critical temperature for the Kosterliz-Thouless transition. The equilibrium
structure and thermodynamics were studied as a function of the concentra-
tion of the 
uid. The Monte Carlo results were used to assess the accuracy of
the corresponding predictions of the hypernetted-chain theory. Comparison of
the pair distribution functions and thermodynamics shows that the theoretical
results are in semiquantitative or better agreement with the simulations.

Introduction

The classical two-dimensional (2D) Coulomb 
uid with logarithmically interacting

charges [1] is relevant to an understanding of many di�erent physical systems. The

2D Coulomb 
uid consisting of an equal number of positive and negative charges

serves as a model for interactions in thin superconducting and super
uid He �lms

[2]. At higher temperatures the individual ions move freely and the 
uid conducts

electrical current. As the temperature is decreased, a critical temperature occurs

at which neutral pairs of particles are formed. This is the well known Kosterliz-

Thouless (KT) [3] transition between the conducting and dielectric phase.

1Dedicated to professor Drago Leskov�sek on occasion of his 80th birthday
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A 
uid of charged disks interacting via a logarithmic pair potential also has some

relevance for solutions of rigid cylindrical polyelectrolytes. In recent papers Kholo-

denko and Beyerlin [4] and Levin [5] discuss the relation between the Manning

counterion condensation [6] and the Kosterlitz-Thouless phase transition. For us

this model is of interest in connection with recent calculations on 2D model of wa-

ter solutions [7, 8]. An extension of these calculations to study a solvation of ionic

solutes would require a solution of the integral equation for a mixture of water-like

molecules and ions.

In this paper we present integral equation theory results for a system of charged hard

disks. The system as a whole is electroneutral: one half of the particles have positive

charge and the other half carry negative charge. The solvent is treated as a dielectric

continuum. This model has been examined using the Monte Carlo simulation in

several papers [9, 10, 11] but has not yet, to our knowledge, been studied by an

integral equation technique. In this contribution the Ornstein-Zernike equation for

the model in question is solved in the hypernetted-chain (HNC) approximation.

We studied the model 
uid in a broad concentration range above the KT critical

temperature where the HNC integral equation can be solved. As a result the pair

correlation functions between various species (not studied in [9, 10, 11]) and the

excess internal energy and pressure were obtained. These results are complemented

by canonical Monte Carlo calculations for the same model to assess the validity of

the HNC approximation.

The model and theory

The system considered here is composed of N+ hard disks carrying a positive charge

q+ and N� disks having a charge q�. The diameter of the particles is � and they

are embedded in a continuous dielectric with permittivity ". The pair interaction

potential for two particles separated by distance rij is de�ned by

uij(rij) =

(
�

qiqj
2�""o

ln rij
�

rij � �

1 rij < �
(1)

Note that the zero of the potential is chosen at r = �. If we introduce reduced units

as r� = r
�
, zi =

qiL

e0
and u�ij = uij

�B
, where �B =

e2
0

2�""0L
and L is the characteristic

length, we can write equation (1) in a simpler form

u�ij(r
�

ij) =

(
�zizj ln r

�

ij r�ij � 1
1 r�ij < 1

(2)

The HNC approximation consists of two equations. One is the Ornstein-Zernike

equation, which correlates the total correlation function, h(r) = g(r) � 1, and the
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direct correlation function, c(r) [12]

hij(12) = cij(12) +
X
k

Z
cik(13)�khkj(32)d(3); (3)

where �k is the number density of the component k. The second equation is given

by [12]

cij(12) = hij(12)� ln [1 + hij(12)]� �uij(12) +Bij(12): (4)

The HNC approximation sets the unknown bridge function Bij(r) to zero for all

distances r.

A necessary �rst step toward numerical solution of the Ornstein-Zernike equation for

ionic systems is the renormalization procedure. For three-dimensional ionic 
uids,

the renormalization scheme is well known (see for example, [13]). In the present

work a similar technique was applied. The total potential is separated into

u�ij = usij + ulij; (5)

where u�sij and u�lij are the short and long-range parts de�ned as

usij(r
�

ij) =

(
0 r�ij � 1
1 r�ij < 1

(6)

ulij(r
�

ij) = �zizj ln r
�

ij: (7)

We de�ne the short-range total and direct correlation functions to be

hsij = hij �  ij (8)

csij = cij � �ij; (9)

respectively, where �ij is the long-range limit of the direct correlation function

�ij = ��u
�l
ij (10)

and  ij is the screened 2D Coulomb potential

 ij = �
zizj
T �

K0(�r
�

ij): (11)

K0(r) is the modi�ed Bessel function, T � = kBT
�B

is the reduced temperature, � =
2�
T �

P
i �

�

i z
2
i is the screening parameter and �� = ��2 is the reduced density. We make

the further de�nitions

V̂ �1 = ��1 � �̂: (12)
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and

�̂ = ĥs � ĉs: (13)

By substituting Eqs. (8)-(13) into Eq. (3) we obtain the �nal expression for the

renormalized Ornstein-Zernike equation which in the matrix form written is as

�̂ = �ĉs + ��1
�
1� V̂ ĉs

�
�1

V̂ ĉsV̂ ��1: (14)

The renormalized closure has the following form

csij = exp (��usij + �ij +  ij)� 1� �ij �  ij: (15)

Solution of the OZ equation (14) together with the HNC closure conditions (15) has

been obtained using the direct iteration method. Forward and inverse Bessel-Fourier

transforms, needed to couple the correlation functions in real and Fourier space, have

been carried out on a logarithmic scale using the method developed by Talmen [14].

The computations were performed on a grid with 512 to 2048 integration points,

depending on concentration. The numerical accuracy was monitored by checking

the electroneutrality condition: the zero moment defect was less than 0.001 in all

calculations reported below.

The Monte Carlo simulations were performed at constant volume and temperature

with 256 (or in some cases 512) particles in the system (square), using the standard

Metropolis algorithm [12]. From two to four million con�gurations, after an equili-

bration run of several hundred thousand, were enough to obtain reliable statistics.

To avoid e�ects due to the �nite size of the system the Ewald summation method

[15] was used.

Results and discussion

The model can be characterized by two nondimensional parameters, the reduced

density �� and temperature T �. The calculations presented here apply to four tem-

peratures T �= 0.5, 1.0, 2.0, and 4.0 and to the concentration range from �� =

0.00001 to 0.5. Computer simulations [9, 10, 11] disagree on the exact location of

the critical point. According to [10] the critical temperature is 0.056, while the

most recent simulations of Lidmar and Wallin [11] suggest the value of 0.032. In

any case, our calculations apply to conditions well above the critical temperature

for the conducting phase-dielectric phase transition.

We consider �rst the results for the pair distribution function (pdf), g(r�), shown for

various temperatures and densities in Figures 1-6. It is interesting that no structural
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Figure 1: Pair distribution function for like-charge ions at T � = 1.0 and �� = 0.5.
Monte Carlo simulation data are presented by symbols and the continuous curve
denotes the HNC results.
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Figure 2: Pair distribution function for unlike-charge ions. The parameters as for
Figure 1.
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Figure 3: Pair distribution function for like-charge ions; T � = 2.0 and �� = 0.02.
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Figure 4: Pair distribution function for unlike-charge ions; T � = 2.0 and �� = 0.02.
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Figure 5: Pair distribution function for like-charge ions; T � = 0.5 and �� = 0.02.
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Figure 6: Pair distribution function for unlike-charge ions; T � = 0.5 and �� = 0.02.
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information was presented in previous papers concerned with computer simulations

[9, 10, 11]. The HNC results in these �gures are shown by continuous lines and the

Monte Carlo results are denoted by symbols. In Figures 1 and 2 we present the like-

ion, g(r�), and the unlike-ion pair distribution functions, g(r�) at �� = 0.5 and T �=

1.0. The two methods give pdfs which are in reasonably good agreement for these

values of the parameters. The same holds true for the next pair of �gures. In Figures

3 and 4 we show the two pair distribution functions at the lower concentration �� =

0.02 and for T �= 2.0. Figures 5 and 6 present the structure for �� = 0.02 and T �=

0.5. We note in passing that for these conditions we are close to the limits of the

solvability of the HNC theory; the lowest reduced temperature where we obtained

a convergent solution at this concentration was T �= 0.3.

In the next two �gures the thermodynamic parameters are presented as a function

of the 
uid density. The excess internal energy and the osmotic coe�cient reported

below were evaluated using standard thermodynamic equations [16]. The expression

for the excess internal energy per particle is

Uex =
�

��t

X
i;j

��i �
�

j

Z
ru�ijgijdr; (16)

where ��t is total density. Because of the shape of the pair potential the excess

energy approaches in�nity for zero concentration �� = 0 [9]. The osmotic pressure

P was obtained using the virial theorem [16]. An important quantity is the osmotic

coe�cient de�ned as � = P=�kBT . It is easy to show that the general expression

for the osmotic coe�cient � equal to

� = 1�
�

2��tT �

X
i;j

��i �
�

j(
Z
r2u�ij

0gijdr � gij(1)) (17)

reduces in the case of a 2D Coulomb 
uid to the following formula

� = 1�
1

4T �
+

�

2��tT �

X
i;j

��i �
�

jgij(1): (18)

For the point ions (� = 0) we correctly obtain � = 1 � 1=4T �; this limiting result

was �rst derived Salzberg and Prager [16].

The results for thermodynamic quantities are shown in Figures 7 and 8. First we

present the concentration dependence of the excess internal energy at three di�erent

temperatures. Again, the results presented by lines apply to the HNC calculation

and symbols represent the Monte Carlo data. We compared our calculations with

the results of previous simulations. For example, our result for the reduced excess

energy at T � = 0.5, �� = 0.0636 is 0.299, while the result of Caillol and Levesque
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Figure 7: The excess energy per particle as a function of �� for di�erent tempera-
tures T � = 4.0, 2.0, 1.0 and 0.5 going from the upper curve to the bottom curve.
Monte Carlo results lie on the corresponding HNC curves and are shown by symbols
(crosses).
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Figure 8: The osmotic coe�cient as a function of ��. The upper curve is calculated
for T � = 0.5 and the lower curve for T � = 1.0. Monte Carlo results for the reduced
temperature 1.0 are presented by symbols.
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[9] is 0.303. The HNC result for this quantity is 0.287. The agreement between

the two simulations is reasonable; note that these authors [9] used a substantially

di�erent simulation procedure. The numerical error in our simulation is estimated

to be about 5%.

Next, in Figure 8, the results for osmotic coe�cient are presented. Because of the

logarithmic form of the potential the osmotic coe�cient is a monotonically increasing

function of the electrolyte concentration. The predictions of the HNC theory are

in agreement with the machine calculations for the values of parameters examined

in this work. The HNC approximation seems to be less accurate at higher volume

fractions of the 
uid model. This is consistent with our earlier results for 3D models

of electrolyte solutions [19].

Conclusions

The properties of the two-dimensional Coulomb 
uid are of interest for several prob-

lems in physics and chemistry. In the present paper the integral equation theory

in the hypernetted-chain approximation was applied to the model 
uid. Parallel

simulations, performed utilizing the Monte Carlo method, reveal the usefulness of

the hypernetted-chain theory. This approximation is able to predict the pair dis-

tributions and thermodynamic parameters to a very reasonable degree of accuracy.

This observation is in agreement with previous applications of the hypernetted-chain

theory to Coulomb systems in three dimensions (see for example [17]). Note that

the HNC approach requires at least an order of magnitude less computer time than

the Monte Carlo method. A major disadvantage of the HNC approximation is that

the theory does not yield convergent solutions for low temperatures. One way to

extend the region of solvability of the HNC approximation is to construct a theory

(see [18] and references therein) based on Wertheim's two-density formalism. This

improvement is currently under investigation.
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Povzetek

V �clanku so predstavljeni rezultati, ki so bili dobljeni z Monte Carlo simulacijo in z re�sitvijo
integralskih ena�cb v HNC pribli�zku za klasi�cen dvodimenzionalni Coulombski plin nad
kriti�cno temperaturo Kosterlitz-Thoulessovega faznega prehoda. Termodinamiko in struk-
turo sva preu�cevala kot funkcijo koncentracije plina. Rezultate Monte Carlo simulacije sva
uporabila za ugotovitev to�cnosti HNC teorije. Primerjava parskih porazdelitvenih funkcij
in termodinamskih koli�cin ka�ze, da se teoreti�cni (HNC) rezultati semikvantitativno ali pa
celo bolje ujemajo z rezultati dobljenimi s simulacijo.
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